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The performance of multi-agent systems is an important issue. In
this paper, it is focused on consensus speed formulti-agent systems
with double-integrator dynamics and ﬁxed undirected graphes un-
der a kind of consensus protocols. It is revealed that, under some
conditions, the maximum consensus speed is determined by the
largest and thesmallestnonzeroeigenvaluesof theLaplacianmatrix
of the undirected connected graph. Based on thementioned results,
arbitrarydesired consensus speedcanbeachievedbychoosing suit-
able feedback gains. Numerical simulations are given to illustrate
the main results.
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1. Introduction
The consensus problem of multi-agent systems has attracted great attention of researchers in the
control community, because of broad applications of cooperative control [1], formation control [2–4],
ﬂocking [5,6] and so on. Consensus problem has been considered for a long time [7,8]. Based on the
algebraic graph theory, Olfati-Saber andMurray [9,10] discussed the consensus problem for networks
of the ﬁrst-order integrator agents. With simple linear consensus protocols, the agreement of agents
were achievedunder the assumption of strong connectivity of digraphs. Ren andBeard [11] generalized
the results of [10] and presented more relaxed condition for the topology of directed networks, that
is, the existence of a spanning tree. Similar results were obtained by Lin et al. [12].
In the references on the consensus problem, multi-agent systems with double-integrator dynam-
ics have been paid great attentions because of their importance in practice. Some special second-
order consensus protocols were proposed and some consensus conditions were obtained [13–15]. In
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particular, Ren and Atkins [14] obtained two kinds of second-order consensus protocols, under which
the state of each agent converges to a constant or a linear function with respect to the time. Unlike the
ﬁrst-order consensus protocols, the second-order protocols proposed in [14]must satisfy an inequality
condition besides the connectivity condition. In the case of directed graph, sufﬁcient conditions of the
consensus were obtained. Zhang and Tian [16] introduced the concept of consentability under the two
kinds of second-order consensus protocols. For discrete multi-agent systems with double-integrator
dynamics [16], Zhang and Tian obtained necessary and sufﬁcient conditions of the consentability for
ﬁxed and stochastic switching topologies respectively. Ren [17] studied the synchronization of coupled
second-order linear harmomic oscillators with local interaction, that means the state of each agent
converges to the same periodic function. More kinds of consensus protocols for multi-agent systems
with double-integrator dynamics can be found in [18], in which many interesting problems were
researched, for example, bounded control protocol and consensus with a group reference velocity.
Recently, Zhu et al. [19] proposed a more general form of consensus protocols for multi-agent
systems with double-integrator dynamics. The advantage of the general consensus protocol is that
different consensus dynamics including linear, periodic and positive exponential dynamics can be
realized by choosing different consensus gains. Some necessary and sufﬁcient conditions of the con-
sensus were given that generalized some results of [14,15]. As a special case, a periodic consensus
protocol was obtained which is similar to the result of [17]. But in the periodical consensus protocol
of [19], there is another gain to adjust the consensus speed.
An important problem for multi-agent systems is the transit performance. The performance of the
ﬁrst-order consensus protocols was discussed by Olfati-Saber and Murray [10] and it was revealed
that if the graph is undirected, then the consensus speed is determined by the algebraic connectivity,
i.e., the smallest nonzero eigenvalue of the Laplacian matrix of the undirected connected graph. For
the second-order consensus protocols, results about the performance are not much yet. In [19] for a
periodic consensus protocol, given the desired vibration frequency, it was revealed that themaximum
consensus speed is determined by the largest and the smallest nonzero eigenvalues of the Laplacian
matrix of the connected graph. But for the dynamic protocol proposed by Ren and Atkins [14] and the
more general formproposed by Zhu et al. [19], themaximumconsensus speed has not been addressed.
Moreover, how to design all the feedback gains of the protocol to realize desired consensus dynamics
and desired consensus speed is also an interesting issue.
In this paper, for two kinds of second-order consensus protocols, problems about consensus speed
are researched. It is discovered that, under some conditions, the largest and the smallest nonzero
eigenvalues of the Laplacianmatrix of the connected graph determine themaximumconsensus speed.
By choosing suitable values of the feedback gains, desired consensus dynamics and desired consensus
speed can be realized. Some illustrative examples show the effectiveness of the design method.
2. Problem statement
Consider themulti-agent systemwith theﬁxed topologyG = (V , E ,A),which is aweighteddigraph
of order n with the set of nodes V = {v1, v2, . . . , vn}, set of edges E ⊂ V × V , and a nonnegative
adjacency matrixA = (aij). An edge of G is denoted by eij = (vi, vj), which means node vj can receive
information from vi . AdjacencymatrixA is deﬁned such that aij > 0 if eji ∈ E , while aij = 0 if eji /∈ E .
We denote the set of neighbors of node vi by Ni and assume Ni = {vi1 , vi2 , . . . , vini }. The Laplacian
matrix of the weighted digraph is deﬁned as L = (lij), where lii = ∑nj=1,j /=i aij and lij = −aij (i /= j).
Let 1n denote the n × 1 column vector of all ones. Let In denote the n × n identity matrix. It is obvious
that L1n = 0.
Suppose each node of the graph is a dynamic agent with double-integrator dynamics
ξ˙i = ζi, (1)
ζ˙i = ui, (2)
where ξi ∈ R, ζi ∈ R, ui ∈ R and i = 1, 2, . . . , n. We consider the general form of the second-order
consensus protocol [19]
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ui = −βξi − αζi +
∑
vj∈Ni
aij[γ0(ξj − ξi) + γ1(ζj − ζi)]. (3)
Let ξ = [ξ1, ξ2, . . . , ξn]T and ζ = [ζ1, ζ2, . . . , ζn]T. With the control protocol (3), the closed-loop
systems of Eqs. (1) and (2) can be written in the matrix form as[
ξ˙
ζ˙
]
= Γ
[
ξ
ζ
]
, (4)
where
Γ =
[
0n×n In−βIn − γ0L −αIn − γ1L
]
. (5)
We say the consensus problem is solved if |ξi − ξj| → 0 and |ζi − ζj| → 0 as t → ∞ for all i, j =
1, 2, . . . , n. It is well-known that all the eigenvalues of L have nonnegative real parts and at least one
eigenvalue is zero. Denote all the eigenvalues of −L by μ1 = 0, μ2, . . ., μn. By [11], we know L has a
simple zero eigenvalue and all the other eigenvalues have positive real parts if and only if the digraph
has a spanning tree. If the graph is undirected, then the eigenvalues of L are all real numbers and
μi < 0 (i = 2, 3, . . . , n) if andonly if thegraph is connected. Lemma1of [19] revealed that consensus is
achieved if and only if all the roots ofλ2 + (α − γ1μi)λ + (β − γ0μi) (i = 2, 3, . . . , n) have negative
real parts. And these roots are exactly the poles of the error dynamics. In [19], some necessary and
sufﬁcient conditions of the consensus were obtained for the case of directed graphes. In the case
of undirected graph, it is obvious that the consensus is achieved if and only if γ1 > max2 i n
α
μi
,
γ0 > max
2 i n
β
μi
and the graph is connected. If the graph is undirected graph and the consensus is
achieved, the state of every agent converges to the solution of the consensus dynamics:
ξ˙c = ζc ,
ζ˙c = −βξc − αζc ,
with initial values ξc(0) = 1n
∑n
i=1 ξi(0) and ζc(0) = 1n
∑n
i=1 ζi(0). Thus feedback gains α and β
determine the consensus dynamics; γ0 and γ1 determine whether the consensus is achieved and
the consensus speed.
There are two main goals in this paper. One is to ﬁnd out a γ1 such that the maximum consensus
speed is achieved as α, β and γ0 are given. The other is to realize desired consensus speed by choosing
suitable gains γ1 and γ0 as the desired consensus dynamics is given.
3. Main results
Theorem 3 of [19] revealed the existence of γ1 such that maximum consensus speed is achieved
for the case of directed graph. But the analytical expression of γ1 was given only for a special periodic
consensus protocol with α = 0 and γ0 = 0. Given a desired vibrational frequency, the maximum
consensus speed can be calculated. But for the other forms of the consensus protocols, the problem
has not been addressed. How to realize desired consensus speed is also an open problem. In the
following, we consider problems of consensus speed in two cases.
In order to achieve the maximum consensus speed, we need to consider the root locuses of poly-
nomials
λ2 + (α − γ1μi)λ + (β − γ0μi) (i = 2, 3, . . . , n) (6)
as γ1 varies from max
2 i n
α
μi
to +∞. Obviously, the two roots of (6) can be expressed as
λi1, i2(γ1) =
−(α − γ1μi) ±
√
(α − γ1μi)2 − 4(β − γ0μi)
2
. (7)
For each i, the root locus is shown in Fig. 1.
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Fig. 1. The root locus of λ2 + (α − γ1μi)λ + (β − γ0μi).
3.1. The case of α = β = 0
In the case of α = β = 0, the multi-agent system with an undirected graphes can achieve the
consensus if and only if γ1 > 0 and γ0 > 0. The state of each agent converges to a linear functionwith
respect to time t [14].
Theorem 1. Consider multi-agent systems (1) and (2) with undirected graph G. Denote the Laplacian
Matrix of G by L. Assume G is connected and let the eigenvalues of -L be 0 = μ1 > μ2 μ3  · · ·μn.
Design consensus protocol
ui =
∑
vj∈Ni
aij[γ0(ξj − ξi) + γ1(ζj − ζi)], (8)
where γ0 > 0 and γ1 > 0. Then, as γ0 > 0 is given, the maximum consensus speed is achieved as
γ1 = γ ∗1 =
2
√−γ0μn√−μ2(μ2 − 2μn) , (9)
with exponential decay e−νt , where
ν =
√
γ0μ2μn
μ2 − 2μn . (10)
For proving Theorem 1, it is needed to consider the root locuses of the polynomials λ2 − γ1μiλ − γ0μi
(i = 2, 3, . . . , n). Before the proof of Theorem 1, we ﬁrst give two lemmas.
Lemma 1. Assume μl < μk < 0. As
γ1 <
2
√
γ0√−μl <
2
√
γ0√−μk , (11)
both λk1(γ1) and λl1(γ1) are complex numbers and Re λl1(γ1) < Re λk1(γ1), where Re denotes the real
part of a complex number. As
γ˜1 = 2
√
γ0√−μk >
2
√
γ0√−μl , (12)
both λk1(γ˜1) and λl1(γ˜1) are real numbers and λl1(γ˜1) > λk1(γ˜1).
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Proof. It is easily obtained
λi1 =
γ1μi +
√
γ 21 μ
2
i + 4γ0μi
2
. (13)
As (11) holds, one can see
γ 21 μ
2
i + 4γ0μi <
4γ0
−μi μ
2
i + 4γ0μi = 0 (14)
for i = l, k. Thus both λk1(γ1) and λl1(γ1) are complex numbers. Moreover,
Re λl1(γ1) = γ1μl
2
<
γ1μk
2
= Re λk1(γ1). (15)
Similarly, as (12) holds, both λk1(γ1) and λl1(γ1) are real numbers. Substituting γ˜1 into λl1(γ˜1) −
λk1(γ˜1) yields
λl1(γ˜1) − λk1(γ˜1) =
γ˜1μl +
√
γ˜ 21 μ
2
l + 4γ0μl
2
− γ˜1μk
2
,
= γ˜1
2
[
μl − μk +
√
μ2l +
4γ0μl
γ˜ 21
]
,
= γ˜1
2
[√
μ2l − μlμk − (μk − μl)
]
,
= γ˜1
2
−μk(μk − μl)√
μ2l − μlμk + (μk − μl)
> 0.  (16)
Lemma 2. If μl /= μk, there exists no γ1 > 0 such that λl(γ1) = λk(γ1).
Proof. One can prove the result by contradiction. Assume there exists a γˇ1 > 0 such that λl(γˇ1) =
λk(γˇ1). Then
γˇ1μk +
√
γˇ 21 μ
2
k + 4γ0μk = γˇ1μl +
√
γˇ 21 μ
2
l + 4γ0μl , (17)
namely
γˇ1(μk − μl) =
√
γˇ 21 μ
2
l + 4γ0μl −
√
γˇ 21 μ
2
k + 4γ0μk. (18)
Squaring both sides of (18) gives
γˇ 21 μkμl + 2γ0(μk + μl) =
√
γˇ 21 μ
2
k + 4γ0μk
√
γˇ 21 μ
2
l + 4γ0μl. (19)
Squaring both sides of (19) and simple calculations yield γ 20 (μk − μl)2 = 0, which contradicts to the
conditions. 
Remark 1. Lemma 1 shows that, if μl < μk < 0, λl(γ1) always runs faster than λk(γ1); λl(γ1) is
ahead of λk(γ1) as λk(γ1) reaches the real axis. Lemma 2 shows that λk(γ1) cannot exceed λl(γ1)
along the real axis. Fig. 2 illustrates this phenomena.
Proof of Theorem 1. By Lemmas 1 and 2, one can see λn1 is the fastest and λ21 is the slowest among
λ21, λ31, . . . , λn1. Thus consensus speed is determined by c(γ1) = max{Re λ21, Re λn1}. Therefore,
the minimum of c(γ1) is achieved as Re λ21 = λn1 (see Fig. 3), that is,
γ1μ2
2
= γ1μn +
√
γ 21 μ
2
n + 4γ0μn
2
. (20)
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l
k
Fig. 2. λl is faster than λk .
Fig. 3. The maximum consensus speed is achieved as Re λ21 = λn1.
Solving (20), one obtains (9). Obviously,
ν = −c(γ ∗1 ) = −
γ ∗1 μ2
2
. (21)
Substituting (9) into (21) yields (10). 
Remark 2. Ifγ0 = 1, thenprotocol (8) is reduced toprotocol (4) of [14] and themaximumconvergence
speed is determined by the largest and the second smallest eigenvalues of the Laplacian matrix of the
graph.
Remark 3. By Theorem 1, one can choose appropriate gains γ0 and γ1 such that the error dynamics
has the expected convergence speed. This is just the content of the following corollary:
Corollary 1. Let
γ0 >
σ 2(μ2 − 2μn)
μ2μn
(22)
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and set γ1 by (9). Then, under protocol (8), all the poles of the error dynamics are placed in the region{s ∈ C|Re s < −σ }, where C denotes the complex plane.
Proof. By (22), it is easy to check −ν < −σ . Thus the corollary is proved. 
3.2. The case of α − 4β < 0
In the case of α − 4β < 0, the desired consensus dynamics has a pair of complex poles. Let the de-
sired poles of the consensus dynamics be k ± ωi. Then one hasα = −2k andβ = k2 + ω2. Obviously,
ω is the vibrational frequency and k reﬂects the speed of exponential growth or decay.
Theorem 2. Assume G is a connected undirected graph. Let the Laplacian Matrix of G be L. Assume G is
connected and let the eigenvalues of -L be 0 = μ1 > μ2 μ3  · · ·μn. Under the consensus protocol
(3), as γ0 > 0 and α
2 − 4β < 0, the maximum consensus speed is achieved as
γ1 = γ ∗1 =
αμn +
√
α2μ2n + μ2(μ2 − 2μn)(α2 − 4β + 4γ0μn)
−μ2(μ2 − 2μn) (23)
with exponential decay e−νt , where
ν = α(μ2 − μn) +
√
α2(μ2 − μn)2 − 4μ2(μ2 − 2μn)(β − γ0μn)
2(μ2 − 2μn) . (24)
Lemma 3. Ifμl /= μk, γ0 > 0 andα2 − 4β < 0, then there exists no γ1 ∈ R such thatλl(γ1) = λk(γ1).
Proof. Assume there exists a γˆ1 > 0 such that λl(γˆ1) = λk(γˆ1) = θ . Then
θ2 + (α − γˆ1μl)θ + (β − γ0μl) = 0, (25)
θ2 + (α − γˆ1μk)θ + (β − γ0μk) = 0. (26)
By (25) and (26), one has
(μk − μl)(γˆ1θ + γ0) = 0, (27)
which implies γ0 = −γˆ1θ . By γ0 > 0, it follows γˆ1 /= 0 and θ = γ0/γˆ1 ∈ R. Substituting γ0 = −γˆ1θ
into (25) or (26) yields
θ2 + αθ + β = 0, (28)
which means polynomial λ2 + αλ + β has real roots. Thus it follows α2 − 4β  0, which contradicts
to the assumption. 
Lemma 4. Consider the root locus of λ2 + (α − γˆ1μ)λ + (β − γ0μ)withμ < 0 and β − γ0μ > 0 as
γ1 varies from α/μ to+∞. Assume γ0 > 0, α2 − 4β < 0 and the locus reaches the real axis as γ1 = γˆ1.
Then
γˆ1 = α − 2
√
β − γ0μ
μ
> 0 (29)
and γˆ1 is an increasing function with respect to μ.
Proof. Letting discriminant (α − γ1μ)2 − 4(β − γ0μ) be zero yields
γˆ1 = α − 2
√
β − γ0μ
μ
. (30)
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In the case ofα  0, it is obvious γˆ1 > 0. Asα > 0, by (30), it is only needed to showα < 2
√
β − γ0μ.
By the conditions, one has
α2 − 4β < 0 < −4γ0μ, (31)
which implies α < 2
√
β − γ0μ. Thus γˆ1 > 0. Moreover, with simple calculations and α2 − 4β < 0,
one has
dγˆ1
dμ
= 2β − γ0μ − α
√
β − γ0μ
μ2
√
β − γ0μ ,
= (
√
β − γ0μ − α2 )2 − α
2−4β
4
μ2
√
β − γ0μ > 0. (32)
Thus γˆ1 is an increasing function with respect to μ. 
Lemma 5. Assume μl < μk < 0, γ0 > 0 and α
2 − 4β < 0. As 0 < γ1  γˆ1(μl) < γˆ1(μk), both λk1
(γ1) and λl1(γ1) are complex numbers and Re λl1(γ1) < Re λk1(γ1). As γ˜1 = γˆ1(μk) > γˆ1(μl), both
λk1(γ˜1) and λl1(γ˜1) are real numbers and λl1(γ˜1) > λk1(γ˜1) = −√β − γ0μk.
Proof. As 0 < γ1  γˆ1(μl) < γˆ1(μk), one has (α − γ1μk)2 − 4(β − γ0μk) < 0 and (α − γ1μl)2 −
4(β − γ0μl) < 0. Thus both λk1(γ1) and λl1(γ1) are complex numbers. Moreover, by γ1 > 0, one can
see
Re λl1(γ1) = −(α − γ1μl)
2
<
−(α − γ1μk)
2
= Re λk1(γ1). (33)
As γ˜1 = γˆ1(μk) > γˆ1(μl), it is easy to see that both λk1(γ1) and λl1(γ1) are real numbers and
λk1(γ˜1) = −√β − γ0μk . One only needs to prove λl1(γ˜1) > λk1(γ˜1), namely,
−(α − γ˜1μl) +
√
(α − γ˜1μl)2 − 4(β − γ0μl)
2
> −
√
β − γ0μk. (34)
It is easily seen that (34) can be rewritten as√
(α − γ˜1μl)2 − 4(β − γ0μl) > (α − γ˜1μl) − 2
√
β − γ0μk. (35)
In order to obtain (34), one only need to prove
(α − γ˜1μl)2 − 4(β − γ0μl) > [(α − γ˜1μl) − 2
√
β − γ0μk]2, (36)
that is,
(α − γ˜1μl)
√
β − γ0μk − 2β − γ0(μk + μl) > 0. (37)
Substituting γ˜1 into the left side of (37) yields
(α − γ˜1μl)
√
β − γ0μk − 2β + γ0(μk + μl)
=
[
α − α − 2
√
β − γ0μk
μk
μl
]√
β − γ0μk − 2β + γ0(μk + μl),
= α(μk − μl) + 2μl
√
β − γ0μk
μk
√
β − γ0μk − 2β + γ0(μk + μl),
= (μk − μl)
(
α
√
β − γ0μk − 2β + γ0μk
)
μk
,
=
(μk − μl)
[(√
β − γ0μk − α2
)2 − α2−4β
4
]
−μk . (38)
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By (38) and α2 − 4β < 0, one can see (37) holds. Thus Lemma 5 is proved. 
Proof of Theorem 2. Since γˆ1 is an increasing functionwith respect toμbyLemma4,onehas γˆ1(μn)
γˆ1(μi) (i = 2, 3, . . . , n − 1), which means that λn1 is the ﬁrst to reach the real axis among λ21, λ31,
. . ., λn1. After λn1 reaches the real axis, by Lemma 4, one has γ1 > 0. Thus by Lemma 5, similar to the
proof of Theorem 1, the minimum of c(γ1) is achieved as Re λ21 = λn1, that is,
−(α − γ1μ2)
2
= −(α − γ1μn) +
√
(α − γ1μn)2 − 4(β − γ0μn)
2
. (39)
It is easily seen that (39) can be rewritten as√
(α − γ1μn)2 − 4(β − γ0μn) = γ1(μ2 − μn), (40)
which, by μ2 > μn and γ1 > 0, is equivalent to
(α − γ1μn)2 − 4(β − γ0μn) = γ 21 (μ2 − μn)2. (41)
Solving the positive root of (41) with respect to γ1, one obtains (23). Similarly, we obtain
ν = −c (γ ∗1 ) = α − γ
∗
1 μ2
2
. (42)
Substituting (23) into (42) yields (24). 
Corollary 2. Let
γ0 >
σ 2(μ2 − 2μn) − σα(μ2 − μn) + μ2β
μ2μn
(43)
and set γ1 by (23). Then, under protocol (3), all the poles of the error dynamics are placed in the region{s ∈ C|Re s−σ }.
Proof. In order to obtain the result, one only need to prove ν > σ , which is equivalent to√
α2(μ2 − μn)2 − 4μ2(μ2 − 2μn)(β − γ0μn) > 2σ(μ2 − 2μn) − α(μ2 − μn). (44)
Squaring both sides of (44) and simple calculations yield
− μ2(β − γ0μn) > σ 2(μ2 − 2μn) − α(μ2 − μn), (45)
which is equivalent to (43). Obviously, (45) implies (44). Thus the corollary is proved. 
Remark 4. Given the consensus dynamics with desired vibrational frequency ω and the exponential
growthordecay speedekt ,we should set thegainsα = −2k andβ = k2 + ω2. If thedesired consensus
speed (the convergent speed of the error system) is e−σ t , we can set γ0 and γ1 by (43) and (23).
Remark 5. From the proofs of Lemmas 3, 4 and 5, one can see that condition α2 − 4β < 0 plays
an important role. Condition α2 − 4β < 0 guarantees that λn1 is the fastest and λ21 is the slowest
among λ21, λ31, . . ., λn1, which is similar to the case of α = β = 0. Thus the maximum convergence
speed is determined by the largest and the second smallest eigenvalues of the Laplacian Matrix of
the graph. If α2 − 4β > 0, the maximum convergence speed maybe has relationship with other
eigenvalues. For the case of directed graph, the considered polynomial has complex coefﬁcients. It
is more difﬁcult to analyze the root locus. Some complex analysis methodsmaybe helpful to deal with
the general case.
4. Simulations
Firstly, consider the multi-agent systems with double-integrator dynamics (1) and (2) and undi-
rected graph shown in Fig. 4. Obviously, the Laplacian matrix of G is
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L =
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
6 −2 −1 0 0 0 −2 0 0 −1
−2 5 −3 0 0 0 0 0 0 0
−1 −3 13 −5 0 0 0 −4 0 0
0 0 −5 9 −2 0 −2 0 0 0
0 0 0 −2 5 −2 0 0 −1 0
0 0 0 0 −2 3 −1 0 0 0
−2 0 0 −2 0 −1 8 −3 0 0
0 0 −4 0 0 0 −3 9 −2 0
0 0 0 0 −1 0 0 −2 4 −1
−1 0 0 0 0 0 0 0 −1 2
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (46)
Fig. 4. The undirected graph of the multi-agent system.
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Fig. 5. The maximum consensus speed is achieved as γ1 = 1.1520.
304 J. Zhu / Linear Algebra and its Applications 434 (2011) 294–306
0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
0
20
40
60
ξ
1 
.
.
.
 
ξ
10
σ=1            t / s
0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
0
20
40
60
ξ
1 
.
.
.
 
ξ
10
σ=3            t / s
Fig. 6. The different consensus speeds with different values of σ .
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Fig. 7. The maximum consensus speed is achieved as γ1 = 1.5199.
With simple calculations, we obtain μ2 = −1.5733 and μ10 = −18.6955. Consider the dynamic
consensus protocol (8) proposed in [14], i.e., the case of α = β = 0 and γ0 = 1. By (9), the maximum
consensus speed is achieved as γ1 = 1.1520. The simulations can be seen in Fig. 5 for
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different values of γ1 with the same initial value vector [ξ T(0) ζ T(0)] = [40 10 0 − 10 − 30 −
30 2 0 4 8 5 6 20 18 16 30 20 4 − 13 − 35]. In Fig. 5, the trajectories of ξi (i = 1, 2, . . . , 10) show that
if the value of γ1 becomes greater or less than 1.1520, the consensus speed becomes smaller.
Secondly, for protocol (8), assume the poles of the error dynamics are desired to be placed in
the region {s ∈ C|Re s−σ }. By Theorem 3, we choose γ0 by (22) and let γ satisfy (9). With the
choice of σ , one can achieve arbitrarily desired consensus speed. As σ = 1, we choose γ0 = 1.3177
and obtain γ1 = 1.3224. As σ = 3, we let γ0 = 11.0597 and obtain γ1 = 3.8311. Fig. 6 shows the
different consensus speeds.
Thirdly, consider the consensus protocol (3). Assume the desired consensus dynamics has a vibra-
tional period T = 2 and growth speed e0.14t . Thenwe obtain α = −0.28 and β = 9.8892. Let γ0 = 1.
By (23), the maximum consensus speed is achieved as γ1 = 1.5199. Simulations can seen in Fig. 7.
Finally, in order to realize desired consensus speed, we use (43) and (23) to obtain γ0 and γ1. As
σ = 1, we choose γ0 = 0.9518 and obtain γ1 = 1.4973. As σ = 2, we let γ0 = 4.7680 and obtain
γ1 = 2.7456. Fig. 8 shows the different consensus speeds.
5. Conclusions
In this paper, it is considered some problems about consensus speed of second-order multi-agent
systems under two kinds of consensus protocols. The obtained results show that the maximum con-
sensus speed is determinedby the largest and the smallest nonzero eigenvalues of the Laplacianmatrix
of undirected graph. By designing all the feedback gains in the consensus protocol, desired consensus
dynamics and consensus speed can be realized.
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